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Abstract 

We study asymptotic expansions of Gaussian integrals of analytic 
functionals on infinit e-dimensional spaces (Hilbert and nuclear Frechet). 
We obtain an asymptotic equality coupling the Gaussian integral and 
the trace of the composition of scaling of the covariation operator of 
a Gaussian measure and the second (Frechet) derivative of a func- 
tional. In this way we couple classical average (given by an infinite- 
dimensional Gaussian integral) and quantum average (given by the 
von Neumann trace formula). We can intèrpret this mathematical 
construction as a procedure of "dequantization" of quantum mechan- 
ics. We represent quantum mechanics as an asymptotic projection of 
classical statistical mechanics with infinite-dimensional phase-space. 
This space can be represented as the space of classical fields, so quan- 
tum mechanics is represented as a projection of "Prequantum Classical 
Statistical Field Theory". 

1 Introduction 

The problem of reduction of quantum mechanics to classical statistical 
mechanics has been discussed from the first days of quantum mechan- 
ics, see, e.g., [l]-[45]. Now days this problem is known as the problem 
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of hidden variables or completeness of quantum mechanics, see, e.g., 
[33] -[37] for recent debatés. There is a rather common opinion that 
quantum mechanics is complete and that it is impossible to introduce 
"hidden variables" providing more detailed description than quantum 
mechanics. But in [46] it was demonstrated that in the opposition to 
this opinion it is possible to represent quantum mechanics as a projec- 
tion of classical statistical mechanics on infinite-dimensional space. In 
this paper we present this approach (which was called in [46] Prequan- 
tum Classical Statistical Field Theory - PCSFT) on the mathematical 
level of rigorousness; in particular, some functional spaces introduced 
in [46] should be modified to obtain the correct results; moreover, in 
the bàsic asymptotic equality coupling classical and quantum averages 
we obtain an estimate of the rest term, o(a). 

In the present paper we also find connection of PCSFT with back- 
ground Gaussian random field on Hilbert space. Finally, we extend 
the approach of [46] by considering unbounded operators, see section 
6. There are also differences in interpretations of a small parameter 
of our asymptotic procedure of dequantization. In [46] this parameter 
was identified with the Planck constant h (I was very much stimulated 
by discussions with people working in SED and stochastic quantum 
mechsnics). In this paper we introduce a new parameter a giving 
the dispersion of prequantum fmctuations, see [47] for more details on 
physical interpretation. To simplify considerations, in this paper we 
consider quantum formalism over the field of real numbers, see [47] 
for complex theory. To exclude possible misunderstanding, we empha- 
size from the very beginning that our paper is not about deformation 
quantization for systems with the infinite number of degrees of freedom, 
see, e.g., [48], [49], but about dequantization of conventional quantum 
mechanics for systems with a finite number of degrees of freedom by 
means of analysis on infinite-dimensional space. 

Our model is classical statistical mechanics on the phase space Í2 = 
H x H, where H is the real Hilbert space. Points of this phase-space 
can be considered as classical fields (if we take the Hilbert space H = 
L2(R 3 )). Our approach can be called Prequantum Classical Statistical 
Field Theory - PCSFT. 

Our approach is an asymptotic approach. We introduce a small 
parameter a - dispersion of "vacuum fluctuations". In fact we con- 
sider a one parameter family of classical statistical models M a . QM is 
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obtained as the limit of classical statistical models when a — ► 



lim iM a = iV quant , (1) 

where iV quant is the Dirac-von Neumann quantum model [2], [4]. As 
was already remarked, our approach should not be mixed with so called 
deformation quantization. In the formalism of deformation quantiza- 
tion classical mechanics on the phase-space f^n = R 2n is obtained 
as the lim/j^o °f quantum mechanics (the correspondence principle). 
In the deformation quantization the quantum model is considered as 
depending on a small parameter h : -/V quant = -/V quant , and formally 

lim iVq Uant = M convxlass . (2) 

where M conv c i ass . is the conventional classical model with the phase- 
space í^n- 

In our approach the classical — > quantum correspondence T is based 
on the Taylor expansion of classical physical variables - functions / : 
Í2 — > R. This is a very simple map: function is mapped into its second 
derivative (which is always a symmetric operator). 1 

The space of classical statistical states consists of Gaussian mea- 
sures on having zero mean value and dispersion a. Thus a statis- 
tical state p (even a so called pure state ip 6 Q, = 1) can be inter- 
preted as a Gaussian ensemble of classical fields which are very narrow 
concentrated near the vacuum field VVacuum (x) = for all x G R 3 . 
Such a p has the very small Standard quadratic deviation from the 
field of vacuum VVacuum : 

/ / ÍP 2 (x) + q 2 (x)]dxdp(q,p) = a, a -+ 0, (3) 

JL 2 (R 3 )xL 2 (R 3 ) JR 3 

where a classical (prequantum) field ip(x) is a vector field with two 
components tp(x) = (q(x),p(x)). The field has the dimension of energy 
per volume (as in the case of electromagnètic field in the Gaussian sys- 
tem of units). 2 Then a statistical state p is an ensemble of fluctuations 
of vacuum which are small in the energy domain. 



J By the terminology which is used in functional analysis / is called functional - a map 
from a functional space into real numbers. If we represent O as the space of classical fields, 
ijj : R 3 — > R, then f(tp) is a functional of classical field. 

2 So we really intèrpret ip as a classical field and not as a square root of probability. 
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The choice of the space of statistical states plays the crucial role 
in our approach. QM is the image of a very special class of classical 
statistical states. Therefore we discuss this problem in more detail. 
Let us use the language of probability theory. Here a statistical state 
is represented by a Gaussian random variable À — ► where A is a 
random parameter. We have: 

EÍJ X = 0, (T 2 (Y>) = £|V>A " T/Vacuum| 2 = <X. (4) 

We pay attention to the evident fact that small dispersion does not 
imply that the random variable ip\ is small at any point À 6 A, where 
A is the space of random parameters. Here smallness is considered 
with respect to the Z/2-norm. The internal energy of the field ip\, 

£(^x)= í \Mx)\ 2 dx= í [pl(x)+ql(x)]dx, 

can be arbitrary large (with nonzero probability). But the probabil- 
ity that £(ip\) is sufficiently large is very small. The easiest way to 
estimate this probability is to use the (well known in elementary prob- 
ability theory) Chebyshov inequality: 

P(A : £(V> A ) > C) < E£{^ x )/C = a/C 0, a ^ 0, (5) 

for any constant C > 0. 

It is especially interesting that in our approach "pure quantum 
states" are not pure at all! These are also statistical mixtures of small 
Gaussian fluctuations of the "background field". 

At the moment we are not able to estimate the magnitude a of 
Gaussian vacuum fluctuations. In the first version of our work [46] 
we assumed, as it is common in SED [50], [51] as well as in stochastic 
QM [18], that a has the magnitude of the Planck constant h. However, 
we could not justify this fundamental assumption on the magnitude 
of vacuum fluctuations in our approach. It may be that vacuum fluc- 
tuations described by PCSFT are essentially smaller than fluctuations 
considered in SED and stochastic QM. One might even speculate on a 
connection with cosmology and string theory. However, in the present 
paper we consider the magnitude of vacuum fluctuations just as a small 
mathematical parameter of the model: a — > 0. 

After publication of paper [1], I was informed about the paper of 
Alexander Bach [52] (see also earlier publications [53], [54]) who also 
used the Hilbert phase space to construct a classical probabilistic rep- 
resentation of quantum mechanics. In both approaches there was used 
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the representation of the von Neumann trace formula for quantum av- 
erages through integration on the Hilbert phase space. In this sense 
my approach is a natural development of Bach's approach [52], [53], 
[54]. However, a new contribution was really nontrivial. Therefore 
Alexander Bach and I finally came to completely different conclusions 
on the possibility to reduce quantum mechanics to classical statisti- 
cal mechanics. We recali the main conclusion of A. Bach [52], p.128 : 
"Although we give a representation of quantum mechanics in terms of 
classical probability theory, the concepts of classical probability theory 
are not appropriate for quantum theory." My main conclusion is com- 
pletely opposite: quantum mechanics can be represented in a natural 
way as an approximation of statistical mechanics of classical fields. 

The main difference between my theory (which was called Prequan- 
tum Classical Statistical Field Theory - PCSFT) and Bach's theory 
is the asymptotic approach to correspondence between the classical 
and quantum statistical models. In PCSFT there is a small parame- 
ter a giving the magnitude of fluctuations in Gaussian ensembles of 
classical fields. 3 We consider not only quadratic functions of fields, 
but arbitrary smooth functions (as in the classical statistical mechan- 
ics). Quantum observables are obtained through expansion of such 
functions into the Taylor series. 

This viewpoint to quantum mechanics - as the second order ap- 
proximation of classical statistical mechanics on Hilbert phase space 
- gives the possibility to solve a problem that was crucial for Bach's 
model (and as we see from his article [52] that problem was the main 
reason for rather pessimistic Bach's conclusion which was mentioned 
above). This is the problem of correspondence between functions of 
classical physical variables and functions of operators. If / is a classical 
variable (in our approach an arbitrary smooth function on the Hilbert 
phase space and in Bach's approach a quadratic form) and T(f) is the 
corresponding quantum observable (a self-adjoint operator), then, for 
example, 

T(f 2 )^T(ff. (6) 

This is not a purely mathematical problem. As was pointed out by 
Alexander Bach, this is the root of difference in the definition of disper- 
sion free states in the quantum model and in a prequantum classical 
statistical model with the Hilbert phase space. 

3 We remark that we consider fluctuations in ensembles of classical fields, but not fluc- 
tuations of a single field on physical space R 3 . 
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It was totally impossible to solve this problem in Bach's framework. 
His prequantum model was an exact one. Therefore the violation of 
the equality T(f 2 ) = T(f) 2 was considered as the evidence of inade- 
quacy of this model to quantum mechanics. Our model, PCSFT, is 
not an exact model. This is an asymptotic model or better to say an 
a prequantum model which is approximated by the quantum model. 

However, the violation of, e.g., the equality T(f 2 ) = T(f) 2 in some 
approximation scheme was never considered in approximation theory as 
an evidence of inadequacy of this scheme. For example, let us consider 
the approximation of smooth functions / : R TÍ — ► R by their Taylor 
polynomials of the order m. This approximation scheme induces the 
map 

T : C°° — > V m , (7) 

where C°° and V m are, respectively, spaces of smooth functions and 
polynomials of the degree m. Then it is evident that (as in our pre- 
quantum model), e.g., the equality T(/ 2 ) = T(f) 2 can be violated. 
But nobody would conclude that physics described by polynomials of 
the degree m (e.g., m = 2) differs crucially from physics described by 
smooth functions. 

We flnish our comparative analysis with Bach's model by empha- 
sizing that PCSFT provides the natural interpretation of hidden vari- 
ables: these are classical fields. But in [52] there was still pointed 
out that "... the fact that elements of Hilbert space have no empirical 
meaning indicates that the theory still remains open to interpreta- 
tions." 

We also consider generalizations of quantum formalism based on 
expansions of functionals of classical fields into the Taylor series up to 
terms of degree n, see section 7; for n = 2 we obtain the conventional 
quantum mechanics. 

2 Infinite-dimensional analysis 

Gaussian stochastic analysis on infinite-dimensional spaces is a well 
established mathematical formalism, see, e.g., Skorohod [55] for intro- 
duction, see [56], [57], [58] for more detail (especially for applications 
in sections 5.2 and 6). We also pay attention that Gaussian analysis 
on infinite-dimensional spaces was used a lot in Euclidean quantum 
field theory, see, e.g., [59], [60]. 
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Let H be a real Hilbert space and let A : H — > H be a continuous 
self-adjoint linear operator. The bàsic mathematical formula which 
will be used in this paper is the formula for a Gaussian integral of a 
quadratic form f(ip) = /a(V0 = (Aip,ip). 

Let dp(tp) be a cr-additive Gaussian measure on the cr-field F of 
Borel subsets of H, see [56]-[59]. This measure is determined by its 
covariation operator B : H — > H and mean value m = m p G H. For 
example, B and m determines the Fourier transform of p : p(y) = 
f H e i( -y^dp(ip) = e ^ By ' y ^ m ' y \y G H. In what follows we restrict 
our considerations to Gaussian measures with zero mean value m = 0, 
where (m, y) = j H (y, ip)dp{ip) = for any y G H. Sometimes there will 
be used the symbol ps to denote the Gaussian measure with the covari- 
ation operator B and m = 0. We recali that the covariation operator 
B = cov p is defined by (By 1 ,y 2 ) = J{yi,ip){y2,ip)dp{ip),yi,y2 G H, 
and has the following properties: a). B > 0, i.e., (By,y) > 0,y £ H; 
b). i? is a self-adjoint operator, 1? G C S (H); c). fi is a trace-class 
operator and Tr i? = 1 1^| | 2 (i/3(V ; )· This is dispersion <r 2 (p) of the 
probability p. Thus a 2 (p) = Tr B. 

We pay attention that the list of properties of the covariation oper- 
ator of a Gaussian measure differs from the list of properties of a von 
Neumann density operator [4] only by one condition: Tr D = 1, for a 
density operator D. 

We can easily find the Gaussian integral of the quadratic form 



The differential calculus for maps / : H — > R does not differ so 
much from the differential calculus in the finite dimensional case, / : 
R n — > R. Instead of the norm on R n , one should use the norm on 
H. We consider so called Frechet differentiability. Here a function 
/ is differentiable if it can be represented as f(tpo + Aip) = f(ipo) + 
f(ip )(Aip) + o(A^), where lim|| AV ,j|^ ^^jp = 0. Here at each point 
ij) the derivative f'(ip) is a continuous linear functional on H; so it can 
be identified with the element f'(ip) G H. Then we can define the 
second derivative as the derivative of the map tp — ► f'(ip) and so on. 
A map / is differentiable n-times iff: 




(8) 



/(Vo + Aip) = f^o) + f'(ipo)(A^) + ^/"(^)(A^, Aip) + ... 
+^/ (n) (V'o)(A^...,AVO+o n (AVO, 
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where f^ n \ipo) is a symmetric continuous n-linear form on H and 
nm ||Aí/)||^o ^a^||"^ = ^- -^ or us ^ ' s important triat f"(ipo) can be rep- 
resented by a symmetric operator f"(^po)(u,v) = (f"(ipo)u,v),u,v £ 
H (this fact is well know in the finite dimensional case: the ma- 
trix representing the second derivative of any two times differentiable 
function / : R n — > R is symmetric). We remark that in this case 

/W=/(0) + / / (0)(V) + ir(0)(^V) + ···+à/ (n) (0)(V',···^)+On(V')· 

For a real Hilbert space H, denote by the symbol H c its complex- 
iflcation: H c = H ®iH. We recali that a function / : H° -> C is 
analytic if it can be expanded into the Taylor series: 

m = /(o) + /'(oxvo + \nw, i>) + - + ^/ (n) (°)(^' + •••• 

(9) 

which converges uniformly on any ball of H c . 

3 Dequantization 

3.1 Classical and quantum statistical models 

We define "classical statistical models" in the following way, see [46] for 
more detail (and even philosophic considerations): a) physical states 
u) are represented by points of some set fi (state space); b) physical 
variables are represented by functions / : Q — > R belonging to some 
functional space V(Q); c) statistical states are represented by prob- 
ability measures on f2 belonging to some class S(Q); d) the average 
of a physical variable (which is represented by a function / G V(Q)) 
with respect to a statistical state (which is represented by a probability 
measure p 6 S(U)) is given by 

<f> P ^ í fWdpW- (10) 
Jn 

A classical statistical model is a pair M = (S,V). We recali that 
classical statistical mechanics on the phase space Q,2n = R n x R n 
gives an example of a classical statistical model. But we shall not 
be interested in this example in our further considerations. We shall 
develop a classical statistical model with an infinite- dimensional phase- 
space. 

In real Hilbert space H a quantum statistical model is described in 
the following way (see Dirac-von Neumann [2] , [4] for the conventional 
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complex model): a) physical observables are represented by operators 
A : H — > H belonging to the class of continuous self-adjoint operators 
C s = C S (H); b) statistical states are represented by von Neumann 
density operators, see [4] (the class of such operators is denoted by V = 
V(H)); d) the average of a physical observable (which is represented 
by the operator A £ C S (H)) with respect to a statistical state (which 
is represented by the density operator D G V(H)) is given by von 
Neumann's formula [4]: 

< A >d= Tr DA (11) 
The quantum statistical model is the pair iVq Uant = (T>,£ s ). 

3.2 Asymptotic equality of classical and quan- 
tum averages and amplification of classical vari- 
ables 

We are looking for a classical statistical model M = (S, V) which will 
give "dequantization" of the quantum model -/V quan t = (T>,£ s ). Here 
the meaning of "dequantization" should be specified. In fact, all "NO- 
GO" theorems (e.g., von Neumann, Kochen-Specker, Bell,...) can be 
interpreted as theorems about impossibility of various dequantization 
procedures. Therefore we should define the procedure of dequantiza- 
tion in such a way that there will be no contradiction with known "NO- 
GO" theorems, but our dequantization procedure still will be natural 
from the physical viewpoint. We define (asymptotic) dequantization 
as a family M a = (S a ,V) of classical statistical models depending 
on small parameter a. There should exist maps T : S a — > V and 
T : V — > C s such that: a) both maps are surjections (so all quantum 
objects are covered by classical); b) the map T : V — > C s is linear; 
c) the map T : S — > T> is injection (there is one-to one correspon- 
dence between classical and quantum statistical states); d) classical 
and quantum averages are coupled through the following asymptotic 
equality: 

< / > p = a < T(f) > T{p) +o(q), a^O (12) 

(here < T(f) >r(p) is the quantum average). In mathematical models 
this equality has the form: 

/ /(^)dp(^) =«TrDA + o(a), A = T(f), D = T(p). (13) 
Ja 
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This equality can be interpreted in the following way. Let /(Y>) be a 
classical physical variable (describing properties of microsystems - clas- 
sical fields having very small magnitude a). We define its amplification 
by: 

faW = -f(Í>) (14) 
a 

(so any micro effect is amplified in ^-times). Then we have: 

< f a > P =< T(f) > T{p) +o(l), a^O, (15) 

or 

/ / a ^)dp(^=IVDA + o(l), A = T(f),D = T(p). (16) 
Jn 

Thus: Quantum average « Classical average of the ^-amplification. 
Hence: QM is a mathematical formalism describing a statistical ap- 
proximation of amplification of micro effects. 

We see that for physical variables/quantum observables and clas- 
sical and quantum statistical states the dequantization maps have dif- 
ferent features. The map T : V — > C s is not injective. Different 
classical physical variables f\ and fi can be mapped into one quan- 
tum observable A. This is not surprising. Such a viewpoint on the 
relation between classical variables and quantum observables was al- 
ready presented by J. Bell, see [12]. In principle, experimenter could 
not distinguish classical ("ontic") variables by his measurement devices. 
In contrast, the map T : S a — ► V is injection. Here we suppose that 
quantum statistical states represent uniquely ("ontic") classical statis- 
tical states. 

The crucial difference with dequantizations considered in known 
"NO-GO" theorems is that in our case classical and quantum averages 
are equal only asymptotically and that a classical variable / and the 
corresponding quantum observable A = T(f) can have different ranges 
of vàlues. 

3.3 Asymptotic Gaussian analysis 

Let us consider a classical statistical model in that the state space 
= H (in physical applications H = L2(R 3 ) is the space of classical 
fields on R 3 ) and the space of statistical states consists of Gaussian 
measures with zero mean value and dispersion 

a\p) = í U\\ 2 dp(iP) = a, (17) 
Jn 
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where a > is a small real parameter. Denote such a class of Gaussian 
measures by the symbol £g(íï). For p £ Sq(ÍI), we have Tr cov p = 
a. We remark that any linear transformation (in particular, scaling) 
preserves the class of Gaussian measures. Let us make the change of 
variables (scaling): 

iM-t- (18) 

\ OL 



(we emphasize that this is a scaling not in the physical space R 3 , but 
in the space of fields on it). To find the covariation operator D of 
the image pr> of the Gaussian measure ps, we compute its Fourier 

transform: p D (Ç) = J Q e i{ ^dp D (y) = J Q e í(í ' ^dp B {^) =e~^ B ^\ 
Thus 

D= B = çovp_ 

a a 

We shall use this formula later. We remark that by definition: 
< / >pb= / fWdpBii*) = / f{^)dp D (iP). 

To make our further considerations mathematically rigorous, we should 
attract the theory of analytic functions / : íí c — ► C. Here Í7 C = íí©iíí 
is the complexification of the real Hilbert space íl. 

Let b n : Í7 C x ... x fi c — ► C be a continuous n- linear symmetric 
form. We define its norm by ||6 n || = supii^ii^ \b n (ip, —,ip)\- Thus 

iò n ^,...,v)i < iiMiwr (20) 

Let us consider the space analytic functions of the exponential growth: 

\m\ <ae 6 W,VGÍÍ C , (21) 

see, e.g., [60]. Here constants depend on / : a = a/, b = bf. 

Lemma 3.1 The space of analytic functions of the exponential 
growth coincides with the space of analytic functions such that: 

||/W(0)|| <cr n , n = 0,1,2,... (22) 

Here constants c = Cf and r = r/ depend on the function f. 

Proof. A). Let / have the exponential growth. For any ip 6 íí c , 
we consider the function of the complex variable z £ C : g^(z) = 
f(zip). By the Cauchy integral formula for g^{z) we have: g^ (0) = 
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f\ z \ = R9ip( z ) z ( n+1 ^dz, where at the moment R > is a free param- 

eter. Thus: ^(O)] < n\R~ n sup < e < 2 ^ \f(Re ie %b)\ < a f n\R~ n e b f R ^K 

By choosing R = n and observing that g^(0) = /( n )(O)(0, ip) we 
obtain: 

||/ (n) (0)|| < a' f e- n n 1/2 e b f n . 

Thus the derivatives of / satisfy the inequalities (|22|) with rj = e b f . 

B). Let now derivatives of / satisfy the inequalities (|22|). Then 
by the inequalities © we have |/(V0I < J2n=o ||/ (n) (0)|| U\\ n /n\ < 
c / Y^=o( r f\\ IIV'II)™/ 71 -! < c/e r í"^"' Thus / has the exponential growth 
with bf = rf. 

We denote by the symbol V(íí) the following space of functions 
/ : O — ► R. Each / G V(Í2) takes the value zero at the point = 
and it can be extended to the analytic function / : Í2 C — > C having 
the exponential growth. 

Example 3.1. In particular, any polynomial on belongs to the 
space V(íí). For example, let Ai, Ajy be continuous linear operators. 
Then function f(ip) = Yln=i(Antp, VO™ belongs to the space V(O). 

Any function / G V(íí) is integrable with respect to any Gaussian 
measure on Í2, see [55]. Let us consider the family of the classical 
statistical models 

Let a variable / G V(O) and let a statistical state ps G Sq(í2). 
Our further aim is to find an asymptotic expansion of the (classical) 
average < / > PB = f n f(ip)dpB(ip) with respect to the small parameter 
a. 

Lemma 3.2. Let f G V(O) and let p G 5g(0). T/ien í/ie following 
asymptotic equality holds: 

< f > p = - Tr D f"(0) + o(a), q - 0, (23) 

where the operator D is given by Hg}) . Rere 

o{a) = a 2 R(a,f,p), (24) 

where \R(a,f,p)\ < c f j n e r f^dp D (^). 

Proof. In the Gaussian integral f (ip)dp(ifj) we make the scaling 

<f> P = [ /(V5#fcu(V) = S i (f"m,i;)dp D ^)+a 2 R(a,f,p), 

(25) 
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where 



We pay attention that 

/ (f\o)^)d PD (if>) = o, / f'"(o)(4>,ip,ip)d PD (ip) = o, 

Jn Jn 

because the mean value of p (and, hence, of pn) is equal to zero. Since 
p G 5g(0), we have Tr D = 1. 

The change of variables in can be considered as scaling of 
the magnitude of statistical (Gaussian) fluctuations. Negligibly small 
random fluctuations a{p) = y/a (where a is a small parameter) are 
considered in the new scale as Standard normal fluctuations. If we use 
the language of probability theory and consider a Gaussian random 
variables £(A), then the transformation lfTH|l is nothing else than the 
Standard normalization of this random variable (which is used, for 
example, in the central limit theorem): r?(À) = £LJ E ^ (in our 

case = 0). 

We now estimate the rest term R(a,f,p). By using the inequality 
(|2*2*|) we have for a < 1 : 

n=4 n=A 

Thus: \R(aJ,p)\ < c f f n e r f^dp D (^p). We obtain: 

<f>P=^í (/"(0)V>, Í>) dpnW + o(a), a^O. (26) 
1 Jn 

By using the equality (JBJ we finally come the asymptotic equality l(2*ÏÏ)l . 

We see that the classical average (computed in the model M a = 
(Sg(íí), V(O)) by using the measure-theoretic approach) is coupled 
through 1)2 3 j) to the quantum average (computed in the model -/Vq Uant = 
(P(Í2), £ s (íí)) by the von Neumann trace- formula) . 

The equality l(2~3|) can be used as the motivation for defining the 
following classical — > quantum map T from the classical statistical 
model M a = (Sq,V) onto the quantum statistical model N qua _ nt = 

T : Sg(í2) - D(í?), £> = T(p) = ^ (27) 

a 
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(the Gaussian measure p is represented by the density matrix D which 
is equal to the covariation operator of this measure normalized by a); 

T : V(ü) —* C g (ü), A qnaat = T(J) = Í/"(0). (28) 

Our previous considerations can be presented as 

Theorem 3.1. The one parametric family of classical statistical 
models M a = (Sq,V) provides dequantization of the quantum model 
-^quant = (^j^s) through the pair of maps i21\) and The classical 

and quantum averages are coupled by the asymptotic equality $2ffy . 

4 Gaussian underground for pure states 

In quantum mechanics a pure quantum state is given by a normalized 
vector ^ G H : = 1. In our model such a state is not pure at 

all (in the sense that such a vector ^ does not provide a description 
of an individual system). Such a normalized vector ^ is the label of 
a Gaussian statistical mixture. The corresponding quantum statisti- 
cal state is represented by the density operator: Dq, = ^/ ® ^. In 
particular, the von Neumann's trace-formula for expectation has the 
form: Tr D^A = (A\P, Let us consider the correspondence map T 
for statistical states for the classical statistical model M a = (Sq,V), 
see l(2"T|l . A pure quantum state $ (i.e., the state with the density 
operator Dy) is the image of the Gaussian statistical mixture of 
states ip £ H. We use the capital ^ to denote a quantum pure state. 
This is just the special system of labeling of the Gaussian measure 
p$ by the normalized vector ^ of Hilbert space. Points of the sam- 
ple space on that this measure is defined we denote by the low ip. 
The measure pq, has the covariation operator = aDq,. This means 
that the measure pq, is concentrated on the one-dimensional subspace 
= {x £ H : x = s^f,s £ R}. This is one-dimensional Gaussian 
distribution. 

5 Pure states as one-dimensional pro- 
jections of spatial white-noise 

In section 4 we showed that so called pure states of quantum mechanics 
have the natural classical statistical interpretation as Gaussian mea- 
sures concentrated on one-dimensional subspaces of the Hilbert space 
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H. On the other hand, it is well known that any Gaussian measure 
on H is determined by its one-dimensional projections. To determine 
a Gaussian random variable £ H, it is suficient to determine all 
its one-dimensional projections: Ç\&(uj) = (\I/, £(k>)), £ H. The co- 
variation operator B of £ (having the zero mean value) is defined by 
(Bty, = We are interested in the following problem: 

Is it possible to construct a Gaussian distribution on H such that 
its one-dimensional projections will give us all puré quantum states, 
* G h, ||*|| = 1? 

We recali that in our approach a pure quantum state * is just the 
label for a Gaussian random variable such that E$^, = a\\^\\ 2 = a. 
Thus the answer to our question is positive and pure quantum states 
can be considered as one-dimensional projections of the y^-scaling 
of the Standard Gaussian distribution on H. The Standard Gaussian 
distribution \i on H (so the average of fi is equal to zero and cov jjl = I, 
where I is the unit operator) is nothing else than the white noise on 
R 3 (if one chooses H = L2(R 3 )), see [56]-[59] for details. Thus pure 
quantum states are simply one-dimensional projections of the spatial 
white noise. It is well known, see, e.g., [56]-[59], that the n is not 
a-additive on the a-field of Borel subsets of H . 

To escape mathematical dimculties and concentrate on the dequan- 
tization of quantum mechanics, we start with consideration of the 
finite-dimensional case. 

5.1 The finite-dimensional case 

We consider the family of Gaussian random variables Çy,^ £ R n , 
EÇ\$ = 0,EÇq = a||'I'|| 2 . This family can be realized as = 
where £(cj) = y/ar](uj) and r)(u) £ R™ is Standard Gaussian 
random variable (so Er\ = 0, cov r/ = I). For any * £ R™, we define 
the projection Py to this vector: P^{k) = k)^f. 

Denote by the symbol V(R n ) the class of functions / : R n — > R 
such that /(0) = and / can be continued analytically onto C n and 
this continuation f(z) has the exponential growth. 

Proposition 5.1 Let f £ V(R n ). Then we have: 

Ef(P*Ç(u)) = -lUL(/"(0)*, *) + o(a), a -+ 0. (29) 
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Proof. By using the Taylor expansion of / we obtain: 
Ef(P*Ç(u)) = ±E(V, ^)) 2 (f"m, *) + o(a),a -> 0. 

By setting into this asymptotic equality the dispersion of the random 
variable -P^Ç(w) we obtain (|29[t. 

If || = 1 (a pure quantum state), then we get: 

ol 

Ef(P*Ç(u)) = - (/' '(0)*, *) + o(a),a -> 0. (30) 

Here ^4 = /"(0) is a symmetric linear operator. We "quantize" the 
classical variable f(x),x E R n , by mapping it to the operator A = 
7}f"(Ü), see Theorem 3.1. The Gaussian random variable H^H = 1 
is "quantize" by mapping it into the pure quantum state 

Theorem 5.1. There exists a Kolmogorov probabüity space such 
that all pure quantum states can be represented by Gaussian random 
variables on this space. The correspondence — > is linear: 

Ai*i + A 2 # 2 -> AifriCw) + A 2 ^ 2 (w), (31) 

where Ai, A 2 G R- 

Proof. We choose O = R n as the space of elementary events, the 
cr-field of Borel subsets is the space of events and the Standard Gaus- 
sian measure \i as the probabüity measure. Then for ^ — > £^(u;) = 
y / a( x I', u), uj G R n , we have: Ai^ 1 (cj) + A^^^w) = Xi{^x,oü) + 
A 2 (*2,^) = (Ai*i + A 2 ^ 2 ,w) = £ai#i+a 2 *2 (<*>)■ 

This theorem is rather surprising from the common viewpoint (by 
that essentially nonclassical probabilistic features of quantum states 
are consequences of the non-Kolmogorovian structure of the quantum 
probabilistic model). 

We pay attention that physical variables Ç\&(u>) = P^^(uj), Vl/ G R™, 
(one-dimensional projections of the scaling Ç(ui) of the Standard Gaus- 
sian random variable rj(u) £ R n ) cannot be mapped onto nontrivial 
quantum observables. Prequantum classical physical variables Ç\n(u) = 
(^,uj) are linear functionals of lo. Therefore T(£^) = £^,(0) = 0. Nev- 
ertheless, quantum mechanics contains images of given by quantum 
states but only for with ||\I>|| = 1! 

We call a background random field. All pure states could be 
extracted from the the background random field by projecting it to 
one dimensional subspaces. PCSFT explains the origin of the scalar 
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product on the set of pure quantum states. We consider the 1/a- 
amplification of the covariation of two Gaussian (prequantum) random 
variables Cwi^) and ^ 2 (uj). We have: 

-£?C* 1 (o;)C* 3 (ü;) = (*i j *2). (32) 
a 

Conclusion. The Hilbert space structure of quantum mechanics is 
induced by the (prequantum) Gaussian random field (the background 
field through the a — > asymptotic. 

At the moment we proved this only in the finite-dimensional case. 
In section 5.2 we shall do this in the infinit e-dimensional case. Fi- 
nally, we pay attention to the fact that, for quadratic physical vari- 
ables f(x) = \{Ax, x), where A : H — > H is a symmetric operator, the 
asymptotic equality l(30|) is reduced to the precise equality of averages. 
By considering directly the Standard Gaussian random variable rj(u) 
(instead of the background random field £(u) = y/arj(uj)) we come 
to the following classical probabilistic representation of the quantum 
average: Ef(P^,r]{uj)) = (A^, *) =< A . 

5.2 Prequantum white noise field 

To repeat consideration of section 5.1 for the infinit e-dimensional case, 
we consider measures on the so called rigged Hilbert spaces. We apply 
some rather abstract mathematical constructions. However, finally we 
shall consider a simple concrete example which will be then used as 
the basis of our prequantum classical statistical model. 

Let fi be a nuclear Frechet 4 topological linear space and íí' its dual 
space. Suppose that f2 is densely and continuously embedded into a 
Hilbert space H, so íí C H. Thus the dual space H' is densely em- 
bedded into fi'. By identifying H and H' we obtain the rigged Hilbert 
space: 

ü C H C ü' (33) 

In our final application we shall set Í2 = 5(R 3 ). This is the space 
of Schwartz test functions on R 3 . Here íl' = 5'(R 3 ) is the space of 
Schwartz distributions. In this case we choose H = L2(R 3 ) and we 
shall consider the rigged Hilbert space: 

S(R 3 ) C L 2 (R 3 ) C S'(R 3 ) (34) 
4 so complete metrizable and locally convex 
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Readers who are not so much interested in general theory of topological 
linear spaces can consider this rigged Hilbert space throughout this 
section. 

A Gaussian measure p on fi' is determined by its characteristic 
functional (Fourier transform) p which is defined on fi : p(^) = 
e - ^*'*), where ò:fixfi^Risa continuous positively defined 
quadratic form. By the well known theorem of Minlos-Sazonov, see 
e.g., [], p is cr-additive on fi' and its covariation functional is equal to 
b. Here 6(*i,* 2 ) = S n >{4>, ^2)dp{4>), where ^1,^2 6 fi. This 

functional defines the covariation operator B : fi — » fi' by (B^i, ^2) = 
6(^1, ^2)- This operator is self-adjoint in the following sense. The dual 
operator B' : fi" — > fi'. But, since the topological linear space fi is a 
nuclear Frechet space, it is reflexive. Hence, fi" = fi. Thus the oper- 
ator B' : fi — > fi'. Thus it is meaningful to speak about self-adjoint 
operators in this framework (by extending the ordinary theory of self- 
adjoint operators in Hilbert space). We also pay attention to the fact 
that the covariation operator B is positively defined. 

Let us consider the Standard Gaussian distribution p on H that is 
defined by its covariation functional: 

b(*i>*a) = (*i,*2)- 

The corresponding covariation operator B = I : fi — ► fi' is the canon- 
ical embedding operator. Since the embedding fi C H is continuous, 
b : fi x fi — > R is continuous and, hence, the measure p is cr-additive on 
fi'. Therefore there is well defined the corresponding Gaussian random 
variable 77 (0) £ fi'. 

In the case of the rigged Hilbert space the Gaussian random 
field 77(0) E 5'(R 3 ) is nothing else than the spatial white noise. We 
extend this terminology and we shall call r/(^) white noise even in the 
abstract framework. Let us consider y'a-scaling of white noise 

and its one-dimensional projections: = (£(</>), ^ S fi- We 

have EÇqi = 0,E^ = a\\^\\ 2 . The £(</>) is the background field in our 
prequantum model (PCSFT). 

For any í' G fi, we consider the one-dimensional projector P^(4>) = 
(4>, VP)^, £ fi', and the fi-valued random variable P$ = ^(0)^. 
If H^ll = 1, then the T-image of the corresponding Gaussian distribu- 
tion p^ is nothing else than the pure state ^. 
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This correspondence can be extended form the space to the 
Hilbert space H. If \& 6 i/, then £#(</>) = (<p,^) is also well defined, 
but is is not a continuous linear functional on the space O'. The 
is defined as an element of the space of square integrable functionals of 
the white noise: E ^(O', d/i). To define we approximate *S> £ H 
by elements 'ï'n of íl, ^ n — > * in (we recali that Í2 is dense in iï). 
Then = lim^oo in L 2 (ü', dfj,). 

Lemma 5.1. Let f : H — ► R be a polynomial and let /(0) = 0. 
T/ien, /or any ^ & H, the asymptotic equality I2fy holds. 

Proof. Here the main difFerence from consideration in section 3 is 
that the measure \i is not concentrated on Hilbert space H on which the 
function / is defined (and continuous). Therefore even the exponential 
growth of / on H would not help so much, because j n , e a ^dfi((f)) = oo 
(since even J^, \\^>\\dfi(4>) = oo). We have for a polynomial /: 

fe=i 

N f(2k)fn\íiT, ,T,^ „,2fcii,Tfll2fc/ 



E 



/( 2fc )(0)(^,...,^)a 2fc ||^|| 2fc (2A:)! 



(2k)\ 2 k kl 

Since the sum is finite and derivatives of / are continuous forms on H, 
we obtain J2£ 



rlt ír*\ 

We "quantize" f(u) by mapping it into £ ' . For quadratic func- 
tionals f(u) = \{Au, u),A G C S (H), we have the precise equality and 
we can directly use the average with respect to the canonical Gaussian 
random variable ï](lo). Here 



6 Unbounded operators 

In this section we shall use theory of Gaussian measures on topological 
vector spaces, see, e.g., Smolyanov and Fomin [66] for detail. 

Let / : Q — > R be a smooth function. Then, at any point ipo £ ft, 
f"(ipo) : O — ► Q'. Therefore /"(0) is in general unbounded operator in 
H. 

Moreover, in this way (i.e., starting with PCSFT) we obtain the 
class of linear operators (quantum observables) that is even essentially 
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larger than in the conventional quantum formalism. In general, A = 
f"(0) maps Q not into ií, but into íl'. 

Example 6.1. Let us consider the rigged Hilbert space (JHIJl. We 
consider the map / : 5(R 3 ) — ► R determined by a fixed point xq G R 3 : 



(For example, the classical field ip( x ) = e x is mapped into the real 
number e~ x o). Then {f"{0)ipi, 1P2) = V'l (^0)^2(^0)- Thus 



is the operator of multiplication by the (5-function 5(x — xq). Hence 



However, in general for \E' G L2(R 3 ) the average < A is not well 
defined. 

We can consider not only pure states, but general density operators. 
Let us now consider a Gaussian measure p G Sq(H) which has the 
support on the space Q. Thus p can be considered as a measure on 
Q. For such a measure p its covariation operator B : ü,' — ► íí and its 
Fourier transform p is defined on We denote this class of statistical 
states by the symbol Sg(í2). We remark that Sg(íí) C ^(iï). 

Let E be a complex locally convex topological linear space. We 
recali that the topology of E can be determined by a system of semi- 
norms (the notion of a semi-norm p generalizes the notion of a norm 
|| • ||; the only difference is that p(tf)) can be equal to zero even for a 
nonzero vector VO- Let b n : E x ... x E — > C be a continuous n- linear 
symmetric form. There èxits a continuous semi-norm p on E such that 



M) = 2^0). 



Aïp(x) = -f"m(x) = -8{x - xo)V(x) 




Ef{P^{u)) = -* 2 (x ) = (A%V) =< A >* . 




sup \b n (ip, ...,'0)| < 00 
?W<1 



(here p = pft n ) . Thus 



fe n (V,-^)l < ||6n||p n W 



(35) 
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An analytic function, see, e.g., [60] for details, / : E — > C has the 
exponential growth if there èxits a continuous semi-norm p on E on 
such that: 

|/(V)| <ae^\i>eE. (36) 

Here the constants and the semi-norm depend on / : a = aj,b = 
bf,p = p f . 

Lemma 6.1. The space of analytic functions of the exponential 
growth coincides with the space of analytic functions such that there 
exists a continuous semi-norm p = pf. 

||/ (n) (0)|| p < cr n , n = 0,1,2,... (37) 

Here constants c = cj and r = rf depend on the function f. 

Proof. A). Let / have the exponential growth. For any ip £ E, we 
consider the function of the complex variable z G C : g^(z) = f(zip). 
As in Lemma 5.1, we have: |5^(0)| < n\R~ n sup < e<27r \f(Ré l6 ip)\ < 
a f n\R~ n e b f Rp ^. We obtain: 

||/ (n) (0)|| p < a! f e- n n l / 2 e b ï n . 

Thus the derivatives of / satisfy the inequalities (|3*7jl with rj = e b f . 

B). Let now derivatives of / satisfy the inequalities l(3*T|) for some 
continuous semi-norm p. Then by the inequalities l(35|) we have 

oo 

l/MI < £ Wf {n) (0)\\ P P n W/n\ < Cfe'rfV. 

n=0 

Thus / has the exponential growth with bf = rj and the same contin- 
uous semi-norm p as in l(3*Tjl . 

We denote by Í7 C the complexification of Q : fí c = Q © iíl. We 
denote by V(íí) the class of functions / : O — > R, /(0) = 0, which 
can be analytically continued onto fï c and they have the exponential 
growth. 

Lemma 6.2. Let p £ Sq(ü,). Then, for any function f £ V(O), 
the following asymptotic equality holds: 

<f> P ^ I /(#W) = ? / (f"(0)tl>,iP)d PD (u) + o(a), a^O, 
Jn z Jn 

(38) 
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where D = ^£-, Here 



o(a) = a 2 R(a, f, p), (39) 

where 

\R(a,f,p)\<c f [ e r f^d PD (4>). (40) 
Jn 

The semi-norm p is determined by the inequality \3ò)) . 

The proof of this Theorem repeats the proof of Lemma 3.2. Instead 
of Lemma 3.1, we apply its generalization to the case of an arbitrary 
locally convex topological linear space, see Lemma 6.1. 

We pay attention that D : Q,' — > íí, and A = : ÇL — » Q! , so 

C = DA : ft — > ft. In general, this operator can not be extended to a 
continuous operator in H. We would like to obtain an analogue of the 
formula JHJ for linear continuous operators A : — > O' : 

i (Aip, ip)dpr)(u) = Tr D A (41) 

The main mathematical problem is that in general the operator C = 
DA is not even continuous in H ', so it is not a trace class operator 
in the Hilbert space H. Nevertheless, we can introduce the notion of 
trace even in such a framework. 

We recali that systems of vectors {ej}'jL l , &j £ Cl, and {e^}?^, G 
O', are called biorthogonal topological bases in and íí' if 

oo oo 

(e'j,ei) = Sij, andV' = ^(e^t/O^-,^ G fi,0 = ^(0, e^-, € O', 
i=i j=i 

where the series converge in Q and Q', respectively. 

Definition 6.1. A linear continuous operator C : Q — > is called 
trace-class operator if, for any pair of biorthogonal topological bases, 
the series 

oo 

TrC = 5>;,Ce,) 

3=1 

converges and its sum does not depend on bases. 

Lemma 6.3. Let p be a Gaussian measure on O and let A : ü, — » O' 
6e a continuous operator. Then the operator C = DA, where D = 
cov/9, belongs to the trace class and the equality &41]) holds. 

As a consequence of Lemmas 6.2 and 6.3, we obtain: 
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Theorem 6.1. Let p G Sg(fí). Then, for any function f G V(Í2), 
f/ie following asymptotic equality holds: 

<f> P = [ fWdpW = Tr Df"(0)/2 + o(a), a 0, (42) 
Ja 

where D = 

Thus our prequantum model, PCSFT, provides the motivation to 
extend the set of quantum observables and consider all continuous 
operators A : O — ► íl'. Operators should be self-adjoint in the ordinary 
sense: A' = A. We recali that here A' : ü" íl' , but ü" = ü, 
since ÍMs a nuclear Frechet space and hence it is reflexive. Denote 
the set of such operators by the symbol £ s (f2,íl'). Denote the set of 
covariation operators of Gaussian measures belonging the space Sq(Q) 
by the symbol P(0',0). 

Definition 6.2. A statistical quantum model corresponding to a 
rigged Hilbert space T given by llSty) is the pair 

A generalized density operators D G T>(Q! , O) represents a statistical 
state; a linear operator A G £ s (0, íí') represents a quantum observable. 
The average of such an observable with respect to such a statistical 
state is given by the following generalization of the von Neumann trace- 
f or mula: 

< A >d= Tr DA (43) 

We choose the state space íí - a nuclear Frechet space. For a 
rigged Hilbert space T given by (|3*ÏÏ|l . we consider the classical sta- 
tistical model M a {T) = (5g(íï), V(fi)). Here as always < / > p = 

The equality lf4*2|) can be used as the motivation for defining the 
following classical — > quantum map T from the classical statistical 
model M a {T) = (Sg(f2), V(íï)) onto the quantum statistical model 

iVquantCO = (f(íí', Í2),£ s (0, í]')) b Y (EU, ©• Our previous consid- 
erations can be presented as 

Theorem 6.2. The map T : Sg(fi) -> D (fi', fi) is one-to-one; ífte 
map T : V(fi) — > £ s (fi, fi') linear surjection and the classical and 
quantum averages are coupled by the asymptotic equality \4ïfy . 



23 



Example 6.2. The position operators Xj,j = 1,2,3 can be ob- 
tained as Xj = 5/". (0), where 

fxM) = ] Xjil?{x)dx. 
Jr 3 

Here the operator of multiplication Xj : 5(R 3 ) — ► 5(R 3 ),V> — ► íCjY', i s 
continuous. Hence Xj : 5(R 3 ) — > 5'(R 3 ) is also continuous. Thus, for 
any measure p G iSq(«S(R 3 )), we have 

<fxi> P = / / xip 2 (x)dxdp(if)) = aTr D£j, 

D = cov p/a (here the trace of the composition Dxj is well defined). 

Example 6.3. Let xo be a fixed point in R 3 . Let now Aip(x) = 
S(x—xo)ip(x),ip £ <S(R 3 ). This operator does not belong to the domain 
of the conventional quantum formalism. It could not be represented 
as an unbounded operator in H = L2(R 3 ) with a dense domain of 
defmition. Nevertheless, 



(Ai/;, i/>)dp(i/)) = / i/> 2 (x )dp(ip) = aTr DA 

S(R 3 ) JS(R 3 ) 



and the trace of the composition DA is well defined. 

Example 6.4. The momentum operators pj,j = 1,2,3, can be 



obtained as pj = \ f p ' . (0), where 



ÍpM) = ~ { J R3 ^- {x)tp(x)dx. 



Here the operator pj : 5(R 3 ) — > 5(R 3 ) is continuous. Hence, pj : 
5(R 3 ) — > 5'(R 3 ) is also continuous. Thus for any measure p G 

f f dtp 

< f Pl > P = -i / / -^—{x)^{x)dxdp{^) = aTr Dpj, 

./S(R3)xS(R3) J "Xj 

where D = cov p/a. Here Dpj : 5(R 3 ) — > 5(R 3 ) is the trace class 
operator. Similar considerations can be done for angular momentum 
operators. 
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7 Generalized quant um mechanics: ap- 
proximations of higher orders 

We have created the classical statistical model which induced the 
quantum statistical model. The quantum description can be obtained 
through the Taylor expansion of classical physical variables up to the 
terms of the second order. The crucial point is the presence of a pa- 
rameter a which small in QM, but not in the prequantum classical 
model. 

This viewpoint to conventional quantum mechanics implies the ev- 
ident possibility to generalize this formalism by considering higher or- 
ders of the Taylor expansion of classical physical variables and corre- 
sponding expansions of classical averages with respect to the parameter 
a. 

We still consider the real case: íl = H, where H is the real separable 
Hilbert space, and only bounded linear operators (and forms). We 
recali that momentums of a measure p are defined by 

a&\zi,...,z k )= / {z 1 ,ip)...(z k ,i/;)dp(tp). 
Jn 

In particular, a p ^ = a p is the mean value and a p 2 ^ is the covariation 
form. We remark that for a Gaussian measure p,a p = implies that 

(k) 

all its momenta of odd orders a p ,k = 2n + 1, n = 0, 1, ... , are also 
equal to zero. 

Therefore the expansion of < / > p with respect to s = a 1 / 2 does 
not contain terms with s +1 . Hence this is the expansion with respect 
to a n (= s 2n ),n = 1,2,... We are able to create o(a n )-generalization 
of quantum mechanics through neglecting by terms of the magnitude 
o(a n ),a — ► 0(n = 1,2,...) in the power expansion of the classical 
average. Of course, for n = 1 we obtain the conventional quantum 
mechanics. Let us consider the classical statistical model 



M a = (Sè(ü),V(n)). (44) 
s — - « ' 2n+1 

we have: 



By taking into account that a 2 p n+1 = 0, n = 0, 1, ... , for p 6 Sg(fi), 



</> p= |Tr^r(0)+^ 7 ^ y / /( 2fe )(O)(^,...,0)^ D (^), (45) 

k=2 ^ >' Jn 



where as always D = • 
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We now consider a new epistemic ("observational") statistical model 
which is a natural generalization of the conventional quantum mechan- 
ics. We start with some preliminary mathematical considerations. Let 
A and B be two n-linear symmetric forms. We define their trace by 

00 

Tr BA = Y, B( ejl ,...,e jh )A( ejl ,...,e jn ), (46) 

31,— Jn=l 

if this series converges and its sum does not depend on the choice of 
an orthonormal basis {ej} in Í2. We remark that 

n k 

< f > p = |lY Df"(0) + ^Tr af^f^Ho) + o{a n ),a - 0, (47) 

k=2 

Here we used the following result about Gaussian integrals: 

Lemma 7.1. Let A k be a continuous k-linear form on fl and let 
PD be a Gaussian measure (with zero mean value and the covariation 
operator D). Then 

í A k ty, . . . , Tl>)dp D W) = Tr a^A k . (48) 
Jn 

Proof. Let {ej} ( jL 1 be an orthonormal basis in íl We apply the 
well known Lebesque theorem on majorant convergence. We set 

n 

ÍN{tp)= Yl A k(ej 1 ,---,e jk )(e jl ,i!)...(e jk ^). (49) 

jl, — ,3k = 1 

We have 

TV N 

\f N m = \A k (Y(x,e n )e n ...,Y(^e 3k )e Jk )\ < \\A k \\ M\ k . 

Íi=l ifc=l 

(50) 

Therefore we obtain: 

/ A k (i/}, ... ,tp)dp D (tp) = lim / f N (ip)dp D (ip) 
Jn N^ooJ n 



— 5^ A k (ej 1 , 
j'i=i,-,j'fc=i 



(ej^ip) . . . (e jk ,i/j)dp D (i/j) = Tr a^A k . 

(51) 
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The proof is finished. 

In particular, we obtained the following inequality: 

\Tva k pD A k \<\\A\\ í U\\ k d PD {^). (52) 
Jn 

We now remark that for a Gaussian measure (with zero mean value) 
integrals j^Ht are equal to zero for k = 21 + 1. Thus Tr a p 2 ^ +1 ^ A21+1 = 0. 
It is easy to see that 2/c-linear forms (momenta of even order) cffi can 
be expressed through the covariance operator D : 

^=^D) = ^ k e-^% =0 . (53) 

In particular, e(2, D)(fa, fa) = (D fa, fa) and e(A,D)(fa,fa,fa,fa) 

= (D fa, fa)(Dfa, fa) + (Dfa,fa)(Dfa,fa) + (D fa, fa)(Dfa, fa). 

(54) 

Thus lj%7|) can be rewritten as 

n 1, 

< / > PB = f Tr Df"(0) + £ ^Tr e(2k, D)/W (0) + o(a n ), a - 0, 

fc=2 

(55) 

or by introducing the 1/a-amplification of the classical physical vari- 
able / we have: 

1 n k—í 

< f a > PB = -Tr Df"(0) + £ ^Tr e(2k, D)fW(0) + o^ 1 ) 

k=2 

(56) 

This formula is the basis of a new quantum theory. In this the- 
ory statistical states can be still represented by von Neumann density 
operators D G T>(ü,), but observables are represented by múltiples 
A = (A2, A4, . . . , A2n), where A2j are symmetric 2n-linear forms on 
a Hilbert space íí. In particular, the quadratic form A2 can be repre- 
sented by a self-adjoint operator. To escape mathematical dimculties, 
we can assume that forms Aij are continuous. Denote the space of all 
such múltiples A by L2 n (0). We obtain the following generalization of 
the conventional quantum model: 

iV quaat)2n = (P(ü),L 2ri (n)). (57) 
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Here the average of an observable A G L 2n (Q) with respect to a state 
D G V(Q) is given by 

n 

< a > D = ^Tre(2k,D)A 2k (58) 

71=1 

If one define Tr DA = Ylk=i Tr e(2fc, D)A 2 k then the formula ([BT^l can 
be written as in the conventional quantum mechanics (von Neumann's 
formula of nth order) : 

< A> D =TrDA (59) 

This model is the result of the following "quantization" procedure of 
the classical statistical model M a = (Sg(f2), V(O): 

p^d = süh ; (60) 

a 

f - A = (-/"(0), -/W(0), (0)). (61) 

(thus here A 2 k = Tïm f^ 2k Xty) ■ The transformation T 2n given by (|ïïÜ|) . 
ifïïTÍI maps the classical statistical model M a = (Sq(CI), V(f2)) onto 
generalized quantum model iV quan t,2n = CD(Q), L 2n (fl)). 

Theorem 7.1. For the classical statistical model M a = (£g(Q), 
V(O)), í/ie classical — > quantum map T 2n , defined by (6YJ)) ane? (6'ij) . 
is one-to-one for statistical states; it has a huge degeneration for vari- 
ables. Classical and quantum averages are coupled through the asymp- 
totic equality 155)) . 

We pay attention to the simple mathematical fact that the degree 
of degeneration of the map T 2n : V(íí) — ► L 2n {Çí) is decreasing for 
n — > oo. Denote the space of polynomials of the degree 2n containing 
only terms of even degrees by the symbol P 2n . Thus / G P 2n iff f(ift) = 

Q2C0, i>) + i>, VO + • • • + Q2n(V ) , ■ • • , VOi where Q13 : R 

is a symmetric 2j'-linear (continuous) form. The restriction of the map 
T 2n on the subspace P 2n of the space V is one-to-one. One can also 
consider a generalized quantum model 

-Wquant,oc = (^>Axj)i (62) 

where L 00 (íí) consists of infinite sequences of 2n- linear (continuous) 
forms on : 

A= (A 2 ,...,A 2n! ...). (63) 
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The correspondence between the classical model M a (for any a) and 
the generalized quantum model Af quan t,oc is one-to-one. 

This paper was partially supported by EU-network "Quantum Prob- 
ability and Applications." 
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